Abstract. In this work we find the Killing vector fields of the riemannian submanifolds of the thermodynamic phase space of an ideal gas and show that the isometry group corresponding to them is homomorphic to the euclidean group E(2). We also give the embedding of these submanifolds in the euclidean space (R 3 , delta).
Introduction
Since Weinhold [1] [2] [3] found that it is possible to define an intrinsic metric structure on a certain vector space associated with each equilibrium state of a thermodynamic system [4] [5] [6] [7] , many efforts have been made to understand the implications of the geometrization of thermodynamics [3] [4] [5] [8] [9] [10] 11] . It has been shown [9] that a riemannian metric can be defined on certain submanifolds of the thermodynamic phase space whose dimensionality is given by the number of independent intensive variables (see also Ref. [7] ) and that Weinhold's abstract space is isomorphic to the tangent space to one of these submanifolds at some equilibrium state. In this paper we adopt the formulation of the equilibrium thermodynamics owing to Weinhold and concretely the version of the Ref. [9] . Contrary to the statement by various authors [6 ,12,13,14] , this formulation is perfectly valid and it have not inherent contradictions with the classical thermodynamics [15, 16] . Moreover, this metric also allows one to define the concept of length for fluctuations about equilibrium states [5, 10] , the physical meaning of the metric have been established [4, 9] and different thermodynamic relations has been derived in Refs. [3, 5, 8, 9] employing geometrical methods.
Nevertheless, to establish a correspondence between geometric and thermodynamic concepts is an open problem. This work is a contribution in this direction. We are interesting in the symmetries and the embedding of the submanifolds of the thermodynamic phase space because it is possible that these symmetries provide us new information about the underlying geometric structure of the thermodynamic ph ase space. In fact, if we know the Killing vector fields of above submanifolds we know also the integral curves corresponding to them . In this way, it is possible to obtain of a thermodynamic system which evolve throught these integral curves the maximum amount of useful work [4, 9] . On the other hand, the embedding of the submanifolds of the thermodynamic phase space in other space of bigger dimension permit to know properties of these submanifolds which are not evident with the mathematical tools of the intrinsic geometry (characterized by their corresponding metrics). This paper is organizated as follows: In Sect. 2 we give the Killing vector fields corresponding to the submanifolds of the thermodynamic phase space of an ideal gas while in Sect. 3 we give the embedding of these submanifolds in the euclidean space (R 3 , δ).
Killing vector fields
The Killing vector fields represent the symmetries of a manifold, consequently it is important to find the Killing vector fields of the submanifolds of the thermodynamic phase space of an ideal gas.
Let {x µ } be local coordinates on (M, g), with M being a riemannian manifold with metric tensor g = g µν dx µ ⊗ dx ν and X = X ν ∂ ∂x ν be a Killing vector field on (M, g), then g µν and X ν satisfy the Killing equation
The submanifolds (M 1 , g 1 ) and (M 2 , g 2 ) of the thermodynamic phase space of an ideal gas defined by mole number N = const. and volume V = const. have the metrics [7, 9] 
where T is the absolute temperatue and R is the gases universal constant. Since the metrics (2)-(3) are flat [7, 9] , the corresponding submanifolds M 1 and M 2 are maximally symmetric spaces [17] , i.e., they have 2(2 + 1)/2 = 3 Killing vector fields.
By considering the metric (2) and expressing the Killing vector field X as X = X T ∂ ∂T + X V ∂ ∂V , the Killing equation reads
A set of independent Killing vector fields that satisfy (4)- (6) is given by
and it is easy to show that they satisfy the following commutation relations
In the case of the metric (3), if the Killing vector field X is written as X = X T ∂ ∂T + X N ∂ ∂N , the Killing equation takes the following form
which obey the relations
That is to say, (10) and (17) show that the riemannian submanifolds of the thermodynamic phase space of ideal gas ((M 1 , g 1 ) and (M 2 , g 2 ); respectively) have homomorphic isometry groups. In fact, the commutation relations (10) and (17) are identical to those for the two-dimensional euclidean group E(2), consisting of rotations around the origin generated by X 1 and translations generated by X 2 and X 3 in a two-dimensional euclidean space.
Embedding in (R
The smooth map f : M −→ N (M and N are smooth manifolds) is called an embedding if f is an injection (one-to-one) and an immersion, i.e., f * :
In this section we give the embedding of the submanifolds (M 1 , g 1 ) and (M 2 , g 2 ) in (R 3 , δ); with δ being the euclidean metric on R 3 .
If we consider the map
where
then it is clear that (18)- (21) is an embedding of (M 1 , g 1 ) in (R 3 , δ) provided that On the other hand, the map
is an embedding of (M 2 , g 2 ) in (R 3 , δ) provided that − (df 3 ) 2 and g 2 = h * δ = (dh 1 ) 2 + (dh 2 ) 2 + (dh 3 ) 2 ; respectively (compare Refs. [13] and [14] ).
Concluding remarks
We have found the Killing vector fields corresponding to the submanifolds (M 1 , g 1 ) and (M 2 , g 2 ) of the thermodynamic phase space of an ideal gas and we have showed that the isometry groups for both (M 1 , g 1 ) and (M 2 , g 2 ) are homomorphic to the two-dimensional euclidean group E(2). On the other hand, the physical meaning of the embedding of (M 1 , g 1 ) and (M 2 , g 2 ) in (R 3 , δ) it is not clear. Nevertheless, it is possible that the study of systems with nonvanishing curvature (perhaps, the van der Waals gas [9] or another system) allows one to understand better this situation. I remark that the isometry group (if it exist) for van der Waals gas and another thermodynamic systems has been not established.
